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Quartic autocatalyticAbstract Boundary layer flow of two non-Newtonian fluids past an upper horizontal surface of a
paraboloid of revolution (uhspr) in the presence of nonlinear thermal radiation is investigated. A
new concept of parameterization is introduced to achieve comparison between the flows of both flu-
ids (i.e. switch momentum governing equation fromWilliamson fluid to Casson fluid). In this study,
it is assumed that buoyancy and stretching at the wall induce Casson and Williamson fluid flow over
this kind of surface which is neither a perfect horizontal/vertical nor inclined/cone. Influence of
space dependent internal heat source is accommodated in the energy equation. The case of unequal
diffusion coefficients of reactants A and B (high concentration of catalyst on uhspr) is considered.
Since chemical reactant B is of higher concentration at the surface more than the concept described
as cubic autocatalytic, the suitable schemes are herein described as isothermal quartic autocatalytic
reaction and first order reaction. A suitable similarity transformation is applied to reduce the gov-
erning equations to coupled ordinary differential equations. These equations along with the bound-
ary conditions are solved numerically by using Runge-Kutta technique along with shooting method.
Comparisons of the effects of some parameters on the flow profiles are illustrated graphically and
discussed.
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open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The study of boundary layer flow has attracted the interest of
many researchers due to its wide range of important applica-tions in engineering, industries, space science and aviation.
Published reports on boundary layer formed on horizontal
stretchable surface, impulsively started vertical porous surface,
spherical gas bubble, curved surface, circular cylinder, stretch-
ing/shrinking sheet, finite flat plate, sliding plate, horizontal
melting surface, wing of aircraft, flow of a nanofluid past a
permeable stretching/shrinking sheet in the presence of suc-
tion/injection, inclined stationary/moving flat plate and over
a wedge have been reported in Refs. [1–11]. Considering the
influence of space and temperature dependent heat source on
the flow of nanofluid within boundary layer on nonlinearly
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ness, Raju et al. [12] reported that an increase in the value of
stretching ratio parameter enhances the heat transfer rate
and depreciates the friction factor. Historically, the first report
on the motion of viscous liquid past a surface called parabo-
loid was presented by Mather [13] in the year 1961. Thereafter,
Lee [14] focused on a thin needle (i.e. object with non-uniform
thickness) and presented boundary layer equation governing
the motion of an incompressible fluid flow over a thin needle.
Cebeci et al. [15] extended the concept to the case of boundary
layer flow on slender paraboloid. Miller [16,17] investigated
the boundary layer on a paraboloid of revolution and down-
stream solution for steady viscous flow past a paraboloid.
Veldman [18] presented a numerical method for solving
Navier-Stokes equations for flow past a paraboloid of revolu-
tion. However, stretching of either fluid layers at the free
stream or on the wall and viscous term may not be sufficient
enough to induce fluid flow over this kind of surface called
uhspr. Recently, Animasaun [19] deliberated on free convective
flow past an upper horizontal surface of a paraboloid of revo-
lution in which gravity is sufficiently strong enough to make
the specific weight appreciably different between any two lay-
ers of a fluid. In real life, there are many occurrences of fluid
(i.e. air, water, nanofluid, Casson fluid and Williamson fluid)
flow over the pointed edge of a rocket and aircraft. This
part/region of an object is neither a vertical/horizontal surface
nor inclined/wedge. To a reasonable extent, an upper half face
of an object with variable thickness can be described as a para-
boloid of revolution. It is worth mentioning that upper hori-
zontal surface of a paraboloid of revolution resembles the
pointed edge of a rocket and aircraft.
In fluid dynamics, fluids may be divided into Newtonian
and non-Newtonian. It is a well-known fact that viscous stres-
ses arising from Newtonian fluid flow at every point are
directly proportional to the local strain rate. This is not true
for non-Newtonian fluid (i.e. the relationship between the vis-
cous stresses arising from the flow is not linear and may even
be time-dependent). Three broad classifications of non-
Newtonian fluids are time-dependent, time independent and
viscoelastic fluids. For the case of time-dependent non-
Newtonian fluids, the viscosity is dependent on temperature,
shear rate and time. This can be characterized as either thixo-
tropic (time thinning - viscosity decreases with time e.g. paint
and yogurt) or rheotactic (time thickening - viscosity increases
with time e.g. gypsum paste). Whereas, for the case of time-
independent non-Newtonian fluids, the viscosity is only depen-
dent on shear rate and temperature. This can be characterized
as shear thinning (pseudoplastic - viscosity decreases with
increase in shear rate e.g. shampoo, ketchup, and slurries),
shear thickening (dilatant - viscosity increases with an increase
in shear rate) and plastic (certain magnitude of shear stress
must be applied before flow occurs). Time independent non-
Newtonian fluids are those fluids in which the shear rate at a
given point is a function of stress at that point only. Ani-
masaun [20] stated that examples are Casson, Bingham, Dila-
tant and Pseudo-plastic fluid. Among these, non-Newtonian
Casson fluid flow is distinct due to the fact that such flow
strongly depends on yield stress. An appropriate rheological
model was introduced originally by Casson [21] in his research
on flow equation for pigment oil suspensions of printing
ink. Krishnamurthy et al. [22] explained that certain
non-Newtonian fluids are grouped as visco-inelastic fluids,viscoelastic fluids, polar fluids, anisotropic fluids and fluids
with micro-structures. Williamson [23] discussed the flow of
pseudoplastic materials and proposed a model equation to
describe the flow of pseudoplastic fluids and experimentally
verified the results. Rheologically, Williamson fluid is a typical
example of visco-inelastic fluids. Nadeem et al. [24] stated that
Williamson fluid is classified as a non-Newtonian fluid with
shear thinning property (i.e., viscosity decreases with increas-
ing rate of shear stress). Ever since suitable models for Casson
and Williamson fluid flow have been formulated, experts have
reported both flows on various surfaces. Few among related
published works are Refs. [25–34].
Scientifically, temperature can be defined as a measure of
warmth or coldness of an object/substance while heat can be
referred to as a quantity of energy transferred between two
bodies of different magnitude of temperatures. The tendency
of matter to change in shape, area and volume due to a signif-
icant change in temperature through heat transfer is referred to
as thermal expansion. Heat can be further described as a
source of energy which spontaneously passes between a system
and its surroundings. Conduction, radiation and convective
(convection) are three basic modes of heat transfer. Convec-
tion is heat transfer by way of an intermediate fluid body.
Free/natural convection is a mode of heat transfer in which
the fluid motion is not generated by any external source but
only by density differences in the fluid occurring due to tem-
perature gradients. In free convection, fluid surrounding a heat
source receives heat, becomes less dense and rises. The sur-
rounding cooler fluid then moves to replace it. When the cooler
fluid is also heated, the process continues, forming convection
current; this explains the physics of fluid flow past vertical
direction and heat transfer processes. Considering this theory,
Shehzad et al. [35] considered flow generated by a bidirectional
stretching surface then investigated the case of heat and mass
convective at the surface. Motsa and Animasaun [36] reported
heat transfer in unsteady mixed convection nanofluid contain-
ing gyrotactic microorganisms and nanoparticles using Paired
Quasi-Linearization technique. In the research conducted by
Abbasi et al. [37] on mixed convection flow of Maxwell nano-
fluid, it is observed local Nusselt number which is proportional
to heat transfer rate reduced for larger heat generation param-
eter. In another related study, Sandeep et al. [38] investigated
3-dimensional Casson fluid flow over a surface at absolute zero
and reported that maximum increase in temperature is
observed at an initial unsteady stage where the convective
acceleration term in the energy equation plays a minor role.
Heat transfer analysis in three-dimensional flow of Maxwell
fluid and three-dimensional Oldroyd-B fluid flow in the pres-
ence of Cattaneo-Christov heat flux, and heat transfer analysis
in the motion of nanofluid along an upper horizontal surface
of a paraboloid of revolution with variable thermal conductiv-
ity and viscosity have been reported in Refs. [39–41].
Hence, the major objective of this paper was to compare the
motion of both Casson and Williamson fluids past an upper
horizontal surface of a paraboloid of revolution in the pres-
ence of nonlinear thermal radiation; also, to adopt a newly
proposed suitable model for quartic autocatalytic kind of
homogeneous-heterogeneous in order to accurately investigate
this case of chemical reaction in the flow; in addition, to con-
sider the case of unequal diffusion coefficients of reactant A
(bulk fluid) and reactant B that is of higher concentration of
catalyst at the surface in the presence of space dependent
Figure 2 Graphical illustration of fluid domain and conversion
of domain from ½v;1Þ to ½0;1Þ.
Comparison between the flow of two non-Newtonian fluids 1917internal heat source; and finally, to present a new concept of
parameterization suitable to switch momentum governing
equation from Williamson fluid flow (i.e. when q ¼ 0) to Cas-
son fluid flow (i.e. when q ¼ 1).
2. Mathematical formulation
The motion of a steady, two-dimensional, laminar Casson and
Williamson fluids over a horizontal surface of a paraboloid of
revolution is considered. It is assumed that the fluid is incom-
pressible within thin layer formed on uhspr. It is assumed that
natural convection is driven by buoyancy; hence, the suitable
model of Boussinesq approximation for boundary layer flow
of Casson and Williamson fluid past this kind of surface which
is neither a perfect horizontal/vertical nor inclined/wedge/cone
using the reports Refs. [19,50] is of the form
 @p
@x
þ qgx ¼ q
@
@x
gxxc
mþ 1
2
 
ðT T1Þ
þ ð1 qÞ @
@x
gxxw
mþ 1
2
 
ðT T1Þ þ 0: ð1Þ
In Eq. (1), xw is the volumetric coefficient of thermal
expansion of Williamson fluid and xc is the volumetric coeffi-
cient of thermal expansion of Casson fluid. Both fluids flow are
assumed to occupy the domain Aðxþ bÞ1m2 6 y < 1 as shown
in Figs. 1 and 2. However, y minimum could be verified by
plotting the graph of y ¼ Aðxþ bÞ1m2 against x using b ¼ 1
and m < 1. The immediate fluid layers on the surface are
stretched parallel with velocity Uw ¼ Uoðxþ bÞm where Uo is
known as stretching rate and m is velocity stretching index
parameter (herein <1 for the case of uhspr).
2.1. Rheological equation of an isotropic Casson fluid
Considering Casson [21] and Eldabe et al. [42] it is assumed
that the rheological equation of an isotropic and incompress-
ible flow of a Casson fluid can be written asFigure 1 The coordinate system of flow past an upper horizontal
surface of a paraboloid of revolution.sij
2eij
¼ lb þ
Pyﬃﬃﬃﬃﬃ
2p
p
 
when p > pc and
sij
2eij
¼ lb þ
Pyﬃﬃﬃﬃﬃﬃﬃ
2pc
p
 
when p < pc ð2Þ
where lb is known as plastic dynamic viscosity of the non-
Newtonian fluid, p is the product of the component of defor-
mation rate with itself i.e. p ¼ eijeij, where eij is the ði; jÞth com-
ponent of the deformation rate and pc is the critical value of
non-Newtonian model. Considering the fact that some fluids
require gradual increasing of shear stress in order to maintain
constant strain rate (rheopectic), the case p > pc may be con-
sidered to account/model time independency in non-
Newtonian Casson fluid flow. Kinematics viscosity of Casson
fluid is now a function depending on plastic dynamic viscosity
lb, density q and non-Newtonian Casson parameter b as
l ¼ lb þ
Pyﬃﬃﬃﬃﬃ
2p
p ; Py ¼ lb
ﬃﬃﬃﬃﬃ
2p
p
b
;
l
q
¼ lb
q
1þ 1
b
 
;
@s
@y
¼ lb 1þ
1
b
 
@2u
@y2
: ð3Þ
The yield stress of the fluid is denoted as Py.
2.2. Rheological equation of Williamson fluid
According to Williamson [23] and Nadeem et al. [43], the
momentum equations are of the form of
q
dV
dt
¼ divSþ qb: ð4Þ
where q is the density, V is the velocity vector, S is the Cauchy
stress tensor, b represents the specific body force vector (herein
buoyancy term). The constitutive equations suitable for Wil-
liamson fluid flow are of the form
S ¼ pIþ s and s ¼ l1 þ
l0  l1
1 C_c
 
A1; ð5Þ
in which p is the pressure, I is the identity vector s is the extra
stress tensor, l0 and l1 are the limiting viscosities at zero and
at infinite shear rate respectively. Non-Newtonian time con-
stant C > 0 and A1 is the first Rivlin-Ericksen tensor. The com-
ponents of the extra stress tensor are:
Figure 3a Effect of W on vertical velocity Fð1Þ of Williamson
fluid flow over an uhspr.
Figure 4a Effect ofW on horizontal velocity Fð1Þ of Williamson
fluid flow over an uhspr.
Figure 3b Effect of W on vertical velocity Fð1Þ of Casson fluid
flow over an uhspr.
Figure 4b Effect of W on horizontal velocity Fð1Þ of Casson
fluid flow over an uhspr.
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@u
@x
; sxy ¼ syx ¼ l0½1þ C _c
@u
@y
þ @v
@x
 syy ¼ 2l0½1þ C_c
@v
@y
and sxz ¼ syz ¼ szx ¼ szz ¼ 0 ð6Þ
In the presence of buoyancy, the governing equations in com-
ponent form where uðx; yÞ and vðx; yÞ are the velocity compo-
nents along the flow direction and normal to the flow direction
respectively are
q u
@u
@x
þ v @u
@y
 
¼ @sxx
@x
þ @sxy
@y
 @p
@x
þ qgx ð7Þq u
@v
@x
þ v @u
@y
 
¼ @syx
@x
þ @syy
@y
 @p
@y
þ qgy ð8Þ
where sxx; sxy and syy are the components of the extra stress
tensor. Applying the boundary layer approximation stated
by Prandtl [44] to the components of the tensor and takingnote of terms with Oð1Þ, viscous term for the case where lim-
iting viscosity at infinite shear rate is l1 is now
@s
@y
¼ l0
q
@2u
@y2
þ 2l0
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C
p
q
@u
@y
@2u
@y2
: ð9Þ2.3. Quartic autocatalysis chemical reaction
Following the concept of homogeneous-heterogeneous reac-
tion model proposed by Chaudhary and Merkin [45,46], Lynch
[47], Scott [48] and Animasaun et al. [49], the case of unequal
diffusion coefficients of reactant A (bulk fluid) when chemical
reactant B is of higher concentration at the surface more than
the concept is described as cubic autocatalytic in Refs. [50,51].
Hence, isothermal quartic autocatalytic kind of chemical reac-
tion within the boundary layer when chemical reactant B is of
high concentration at the surface is presented as
Aþ 3B! 4B: ð10Þ
Figure 5a Effect of W on shear stress F00ð1Þ of Williamson fluid
flow over an uhspr.
Figure 5b Effect of W on shear stress F00ð1Þ of Casson fluid flow
over an uhspr.
Comparison between the flow of two non-Newtonian fluids 1919rate of chemical reaction ¼ k1a‘3. On the upper horizontal sur-
face of a paraboloid of revolution in the presence of catalyst,
there exists single isothermal first order reaction of the form
A! B; ð11Þ
rate of chemical reaction ¼ ksa where ‘‘a” and ‘‘‘” are the con-
centrations of reactant A and reactant B. Here, k1 and ks are
known as the reaction rate coefficients which may not be actu-
ally referred to as a constant because it includes all the likely
parameters that may affect reaction rate except concentration
which we have explicitly accounted for in Eqs. (10) and (11).
2.4. Governing equation for Casson and Williamson fluid
The governing equations suitable to investigate boundary layer
flow of Casson and Williamson fluids are of the form of
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qCp
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qCp
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In Eq. (13), a dimensionless parameter q½0; 1 is introduced to
switch the momentum equation to Williamson fluid flow when
q ¼ 0 and Casson fluid flow when q ¼ 1. Considering the influ-
ence of homogeneous-heterogeneous reaction model for the
concentrations of reactants A and B, as stated in the reaction
scheme Eqs. (10) and (11) are of the form
u
@a
@x
þ v @a
@y
¼ DA @
2a
@y2
 K1a‘3; ð15Þ
u
@‘
@x
þ v @‘
@y
¼ DB @
2‘
@y2
þ K1a‘3: ð16Þ
Based on the fact that reactant A and reactant B undergo
chemical changes at an interface, the heterogeneous catalytic
reaction is properly accounted for in the boundary condition.
Suitable boundary conditions governing the flow along upper
horizontal surface of paraboloid of revolution are
uðx; yÞ ¼ Uw; vðx; yÞ ¼ 0; Tðx; yÞ ¼ TwðxÞ;
DA
@a
@y
¼ Ksa; DB @‘
@y
¼ Ksa at y ¼ Aðxþ bÞ
1m
2 : ð17Þ
uðx; yÞ ! 0; Tðx; yÞ ! T1 a! ao; ‘ ! 0 as
y!1: ð18Þ
In the dimensional governing equations, the stretching velocity
at the wall is Uw ¼ Uoðxþ bÞm; u and v are the velocity compo-
nents in the x- and y-directions respectively, q is the fluid den-
sity (whereas Mq is assumed constant), T is the temperature, j
is the thermal conductivity of the fluid, m is the velocity power
index ð< 1Þ; g is known as gravity field, T1 is known as ambi-
ent temperature, lb is known as plastic dynamic viscosity, Uo is
known as velocity stretching rate and TwðxÞ is the temperature
at the wall, C is the Williamson’s non-Newtonian parameter
and Cp is the specific heat at constant pressure. The Rosseland
approximation which is a simplification of the radiative trans-
port equation (RTE) for the case of optically thick media is
adopted to account for the radiative heat flux in the non-
Newtonian fluids as
qr ¼ 
4r
3k
@T4
@y
; ð19Þ
Figure 6 Effect of b on Gð1Þ of Casson fluid flow over an uhspr.
Figure 7 Effect of b on Hð1Þ of Casson fluid flow over an uhspr.
Figure 8 Variations in Re1=2x Cfxw with Weissenberg numberW at
various values of buoyancy parameter Gtw.
Figure 9 Variations in Re1=2x Cfxc with non-Newtonian Casson
parameter b at various values of buoyancy parameter Gtc.
Figure 10a Effect of R on vertical velocity Fð1Þ of Williamson
fluid flow over an uhspr.
Figure 10b Effect of R on vertical velocity Fð1Þ of Casson fluid
flow over an uhspr.
1920 O.A. Abegunrin et al.where r and k are the Stefan-Boltzmann constant and the
mean absorption coefficient respectively. In this case of Casson
and Williamson fluids, herein (optically thick) the thermal
Comparison between the flow of two non-Newtonian fluids 1921radiation travels only a short distance before being scattered or
absorbed. Eq. (14) introduces a new diffusion term into the
energy transport equation which was developed based on the
theory of conservation of energy. In this study, it is assumed
that the temperature differences within the flow are not suffi-
ciently small. In view of this, it may not be realistic to simplify
the radiative heat flux by expanding T4 in a Taylor series
expansion about T1 then neglecting higher order terms. Fol-
lowing Makinde and Animasaun [50,51], implicit differentia-
tion may be adopted to simplify Eq. (19) and then substitute
into energy Eq. (14). The modified energy equation is now
u
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@x
þ v@T
@y
¼ j
qCp
@2T
@y2
þ 1
qCp
@
@y
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ðxþ bÞm12
" #
;
ð20Þ
The stream function wðx; yÞ, similarity variable g and dimen-
sionless temperature are of the form
u ¼ @w
@y
; v ¼  @w
@x
; g ¼ y mþ 1
2
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#
 1=2
ðxþ bÞm12 ;
gðgÞ ¼ a
ao
; hðgÞ ¼ ‘
ao
;
wðx; yÞ ¼ f 2
mþ 1
 1=2
ð#UoÞ1=2ðxþ bÞ
mþ1
2 ;
hðgÞ ¼ T T1
Tw  T1 ;
T
T1
¼ ½1þ hhw  h; hw ¼ Tw
T1
: ð21Þ
It is important to note that the stream function wðx; yÞ auto-
matically satisfies continuity Eq. (12). The nonlinear partial
differential Eqs. (13)–(16) are reduced to the following nonlin-
ear coupled ordinary differential equations:
q 1þ 1
b
 
d3f
dg3
þ ð1 qÞ d
3f
dg3
þWð1 qÞ d
2f
dg2
d3f
dg3
þ f d
2f
dg2
 2m
mþ 1
df
dg
df
dg
þ Gtcqhþ Gtwð1 qÞh ¼ 0; ð22Þ
ð1þ hhw  hÞ3
R
" #
d2h
dg2
þ Prf dh
dg
 Pr 1m
mþ 1 h
df
dg
þ 3 ð1þ hhw  hÞ
2
R
ðhw  1Þ dh
dg
dh
dg
þ 2Prc
mþ 1 exp ng½  ¼ 0;
ð23Þ
d2g
dg2
þ Scaf dg
dg
 ScaK 2
mþ 1 gh
3 ¼ 0; ð24Þ
d
d2h
dg2
þ Scbf dh
dg
þ ScbK 2
mþ 1 gh
3 ¼ 0: ð25Þ
In order to non-dimensionalize the boundary conditions, it is
pertinent to note that the minimum value of y is not the start-
ing point of the slot. This implies that all the conditions in Eq.
(17) are not imposed at y ¼ 0. As shown in Fig. 1, it is obvious
that it may not be realistic to say that y ¼ 0 at all points on
upper horizontal surface of paraboloid of revolution. Hence,
not valid to set y ¼ 0 in similarity variable g. Upon usingy ¼ Aðxþ bÞ1m2 (i.e. the starting point of the flow at the slot),
minimum value of y accurately corresponds to minimum value
of similarity variable g as
g ¼ A mþ 1
2
Uo
#
 1=2
¼ v
This implies that at the wall y ¼ Aðxþ bÞ1m2
 
, the boundary
condition suitable to scale the boundary layer flow is g ¼ v.
The boundary condition becomes
df
dv
¼ 1; fðvÞ ¼ v 1m
mþ 1 ; hðvÞ ¼ 1;
dg
dv
¼ KgðvÞ; d dh
dv
¼ KgðvÞ at v ¼ g: ð26Þ
df
dv
! 0; hðvÞ ! 0; gðvÞ ! 1; hðvÞ ! 0 as v!1:
ð27Þ
Moreover, dimensionless governing Eqs. (22)–(25) are depend-
ing on g while the boundary conditions Eqs. (26) and (27) are
functions and/or derivatives depending on v. In order to trans-
form the domain from ½v;1Þ to ½0;1Þ it is valid to adopt
Fð1Þ ¼ Fðg vÞ ¼ fðgÞ;Hð1Þ ¼ Hðg vÞ ¼ hðgÞ;Gð1Þ ¼ Gðg vÞ ¼ gðgÞ
and Hð1Þ ¼ Hðg vÞ ¼ hðgÞ; for more details, see Fig. 2. The final
dimensionless governing equation (coupled system of nonlinear ordinary
differential equation) is
q 1þ 1
b
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d3F
d13
þ F d
2F
d12
 2m
mþ 1
dF
d1
dF
d1
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2
R
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dH
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þ 2Prc
mþ 1 exp n1½  ¼ 0;
ð29Þ
d2G
d12
þ ScaF dG
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mþ 1GH
3 ¼ 0; ð30Þ
d
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d12
þ ScbF dH
d1
þ ScbK 2
mþ 1GH
3 ¼ 0: ð31Þ
Dimensionless boundary condition reduces to
dF
d1
¼ 1; Fð1Þ ¼ v 1m
mþ 1 ; Hð1Þ ¼ 1;
dG
d1
¼ KGð1Þ; d dH
d1
¼ KGð1Þ at 1 ¼ 0: ð32Þ
dF
d1
! 0; Hð1Þ ! 0; Gð1Þ ! 1; Hð1Þ ! 0 as 1!1:
ð33Þ
In the dimensionless governing equations, Weissenberg number
W, Prandtl number Pr, space dependent internal heat source
parameter c, intensity of internal heat generation parameter
n, ratio of viscous diffusion rate to mass diffusion rate of homo-
geneous reactant Sca, ratio of viscous diffusion rate to mass
Figure 11a Effect of R on horizontal velocity F0ð1Þ of Wil-
liamson fluid flow over an uhspr.
Figure 11b Effect of R on horizontal velocity F0ð1Þ of Casson
fluid flow over an uhspr.
Figure 12a Effect of R on shear stress F00ð1Þ of Williamson fluid
flow over an uhspr.
Figure 13a Effect of R on temperature profiles Hð1Þ of
Williamson fluid.
Figure 13b Effect of R on temperature profiles Hð1Þ of Casson
fluid.
Figure 12b Effect of R on shear stress F00ð1Þ of Casson fluid flow
over an uhspr.
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Figure 14a Effect of R on temperature gradient H0ð1Þ of
Williamson fluid.
Figure 14b Effect of R on temperature gradient H0ð1Þ of Casson
fluid.
Figure 15a Effect of R on concentration of reactant A (homo-
geneous-bulk fluid) Gð1Þ of Williamson fluid.
Figure 15b Effect of R on concentration of reactant A (homo-
geneous-bulk fluid) Gð1Þ of Casson fluid.
Comparison between the flow of two non-Newtonian fluids 1923diffusion rate of heterogeneous catalyst at the surface Scb,
strength of the homogeneous reaction K, strength of the
heterogeneous reaction K, buoyancy parameter depending on
volumetric-expansion coefficient of Casson fluid due to temper-
ature Gtc, buoyancy parameter depending on volumetric-
expansion coefficient of Williamson fluid due to temperature
Gtw and nonlinear radiation parameter R are defined as
Gtc¼ gxcðTwT1Þ
U2oðxþbÞ2m1
Sca¼ lqDA ; Scb¼
l
qDB
;
Pr¼ lCpj K¼
K1aoa
2
o
UoðxþbÞm1
; d¼DB
DA
; K¼
Ks
mþ1
2
Uo
#bf
 1=2
DAðxþbÞ
m1
2
R ¼ 3k
j
16rT31
; Gtw ¼ gxwðTw  T1Þ
U2oðxþ bÞ2m1
;
W ¼ 2
ﬃﬃﬃ
C
p
Uo
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mþ 1
2
Uo
#
r
ðxþ bÞ3m12 ; c ¼ QoðqCpÞUoðxþ bÞm1
:
ð34Þ
Physical quantities (i.e. local skin friction and local heat trans-
fer) in the flow of Casson and Williamson fluid flow which are
skin friction coefficient for Casson fluid flow Cfxc, skin friction
coefficient for Williamson fluid flow Cfxw, Nusselt number Nux
are defined as
Cfxc ¼ sc
q
ﬃﬃﬃﬃﬃﬃﬃ
mþ1
2
q
ðUwÞ2
; Cfxw ¼ sw
q
ﬃﬃﬃﬃﬃﬃﬃ
mþ1
2
q
ðUwÞ2
;
Nux ¼ ðxþ bÞqw
jb½T1  To
ﬃﬃﬃﬃﬃﬃﬃ
mþ1
2
q : ð35Þ
where sc is the skin friction between the flow of Casson fluid
and upper surface of a horizontal paraboloid of revolution,
sw is the skin friction between the flow of a Williamson fluid
and upper surface of horizontal paraboloid of revolution and
qw is the heat flux at all points on the surface
sc¼ lbþ
lb
b
 
@u
@y
				
y¼AðxþbÞ1m2
; sw¼lo
@u
@y
þ2
ﬃﬃﬃ
C
p
lo
@u
@y
@u
@y
				
y¼AðxþbÞ1m2
;
qw¼j
@T
@y
				
y¼AðxþbÞ1m2
ð36Þ
Figure 17b Effect of R on concentration of reactant B (hetero-
geneous - catalyst at the surface) Hð1Þ for case q= 1 (Casson fluid
flow).
Figure 16b Effect of R on concentration gradient of reactant A
(homogeneous-bulk fluid) G0ð1Þ of Casson fluid.
Figure 16a Effect of R on concentration gradient of reactant A
(homogeneous-bulk fluid) G0ð1Þ of Williamson fluid.
Figure 17a Effect of R on concentration of reactant B (hetero-
geneous - catalyst at the surface) Hð1Þ for case q= 0 (Williamson
fluid flow).
1924 O.A. Abegunrin et al.Upon substituting the similarity variables Eq. (21), and phys-
ical quantities at the wall Eq. (36) into Eq. (35) we obtain
Re1=2x Cfxc ¼ 1þ
1
b
 
F00ð0Þ;
Re1=2x Cfxw ¼ F00ð0Þ þWF00ð0ÞF00ð0Þ; NuxRe1=2x ¼ H0ð0Þ:
ð37Þ3. Numerical solution
Numerical solution of corresponding boundary value problem
(28)–(31) subject to boundary condition (32) and (33) are
obtained using classical Runge-Kutta method along with
shooting techniques and MATLAB package (bvp5c). The
boundary value problem cannot be solved on an infinite inter-
val and it would be impractical to solve it for even a very large
finite interval. However, infinite boundary condition at a finite
point is considered as 1 ¼ 5. The set of coupled nonlinear ordi-
nary differential equations along with boundary conditions
have been reduced to a system of nine simultaneous equations
of the first order for nine unknowns following the method of
superposition in Na [52].
3.1. Classical Runge-Kutta method along with shooting
techniques
In order to integrate the corresponding initial value problem,
the values of F00ð1 ¼ 0Þ;H0ð1 ¼ 0Þ;Gð1 ¼ 0Þ and Hð1 ¼ 0Þ are
required. However, such values do not exist after the non-
dimensionalization of the boundary conditions (32) and (33).
Although, at specific value of d and K correct estimates for
G0ð1 ¼ 0Þ and H0ð1 ¼ 0Þ can be easily obtained once
Gð1 ¼ 0Þ is known. The suitable guess values for
F00ð1 ¼ 0Þ;H0ð1 ¼ 0Þ, Gð1 ¼ 0Þ and Hð1 ¼ 0Þ are chosen and
then numerical integration was carried out. The calculated
values of F0ð1Þ;Hð1Þ;Gð1Þ and Hð1Þ at infinity (1 ¼ 5) are com-
pared with the given boundary conditions in Eq. (33) and the
estimated values F00ð1 ¼ 0Þ;H0ð1 ¼ 0Þ;Gð1 ¼ 0Þ and Hð1 ¼ 0Þ
are adjusted to give a better approximation for the solution.
Table 1 Comparison between the solutions of classical Runge-Kutta together with shooting (RK4SM) and MATLAB solver bvp5c
for the limiting case.
F00ð1 ¼ 0Þ (RK4SM) F00ð1 ¼ 0Þ (bvp4c) H0ð1 ¼ 0Þ RK4SM H0ð1 ¼ 0Þ (bvp4c)
q = 0
W ¼ 0:01 0.153272650351628 0.153272650115879 0.529758826933385 0.529758826487156
W ¼ 0:02 0.152848196354253 0.152848196741456 0.529708726593247 0.529708726011579
W ¼ 0:03 0.152421521342140 0.152421521697841 0.529658516998583 0.529658516879516
q = 1
b ¼ 0:05 0.205768879308952 0.205768879041789 0.585066586429903 0.585066586963145
b ¼ 0:1 0.209913449681329 0.209913449963215 0.580433116743843 0.580433116963213
b ¼ 0:15 0.212792892281606 0.212792892963696 0.576445270564070 0.576445270852561
Comparison between the flow of two non-Newtonian fluids 1925Series of values for F00ð1 ¼ 0Þ;H0ð1 ¼ 0Þ;Gð1 ¼ 0Þ and
Hð1 ¼ 0Þ are considered and applied with fourth-order classi-
cal Runge-Kutta method using step size M1 ¼ 0:01. The above
procedure is repeated until asymptotically converged results
are obtained within a tolerance level of 104. It is very impor-
tant to remark that using 11 ¼ 5, all profiles are compatible
with the boundary layer theory and asymptotically satisfies
the conditions at free stream as suggested by Pantokratoras
[53]. It is worth mentioning that there exists no related pub-
lished articles that could be used to validate the accuracy of
the present numerical results. Meanwhile, Eqs. (28)–(31) sub-
ject to boundary conditions (32) and (33) can easily be solved
using ODE solvers such as MATLAB’s bvp5c. Meanwhile,
this boundary value problem can easily be solved using ODE
solvers such as MATLAB’s bvp5c; see Refs. [54,55].
3.2. Verification of the results
In order to verify the accuracy and reliability of the present
analysis, the results of classical Runge-Kutta together with
shooting have been compared with those of bvp5c solution
for the limiting case when R ¼ 1; thetaw ¼ 1:2;Sca ¼ 0:62,
Scb ¼ 1:3;K ¼ 0:4;K ¼ 0:4, c ¼ 0:5; n ¼ 1:2; d ¼ 1:2;Pr ¼ 1,
m ¼ 0:1; v ¼ 0:3, Gtc ¼ 1;Gtw ¼ 1 for Williamson fluid flow
(q ¼ 0 and various values of W) and Casson fluid flow
(q ¼ 1 and various values of b). As shown in Table 1, the com-
parison in the above case is found to be in good agreement.
This good agreement is an encouragement to proceed with
comparison between non-Newtonian Casson and Williamson
fluid flow over an upper horizontal surface of a paraboloid
of revolution.4. Results and discussion
The numerical computations have been carried out in order to
obtain comprehensive comparison between boundary layer
flow of Williamson and Casson fluid flow over uhspr in the
presence of space dependent internal heat source. Effects of
selected pertinent parameters on the vertical velocity profiles
Fð1Þ, horizontal velocity profiles F0ð1Þ, temperature profiles
Hð1Þ, temperature gradient profiles H0ð1Þ, concentration of
reactant A (homogeneous-bulk fluid) Gð1Þ, concentration gra-
dient of reactant A G0ð1Þ, concentration of reactant B (hetero-
geneous - catalyst at the surface) Hð1Þ and concentration
gradient of reactant B H0ð1Þ within boundary layer are
illustrated.4.1. Comparison between the effects of Weissenberg number W
on Williamson fluid flow and non-Newtonian Casson parameter
b on Casson fluid flow
At fixed values of switching parameter q ¼ 0 and buoyancy
parameter Gtw ¼ 1 depending on volumetric expansion coeffi-
cient of Williamson fluid, it is observed that vertical velocity
profiles Fð1Þ decrease negligible with an increase in the magni-
tude of Weissenberg number W after few distance away from
uhspr till free stream 1:2 6 1 6 5; see Fig. 3a. As shown in
Fig. 4a, it is evident that horizontal velocity also decreases neg-
ligible with W significantly within the fluid domain. Fig. 4a
further brings it to our observation that there exist a very neg-
ligible decrease in the function of F0ð1Þ near uhspr. Practically
speaking, the negligible decrease we observed in F0ð1Þ with W
can be traced to the fact that shear stress profile F00ð1Þ
decreases negligible with W within the fluid domain as shown
in Fig. 5a. This is not true in Casson fluid flow since the viscous
term is not dependent on additional shear stress as stated
mathematically in Eq. (3). This explains the reason why
F00ð1Þ decreases significantly with b near the upper horizontal
surface of a paraboloid of revolution as shown in Fig. 5b. It
is worth important to notice that the flow of non-Newtonian
Williamson fluid corresponds to typical Newtonian fluid flow
when W ¼ 0. As magnitude of W increases, the component
of stress sxy increases and hence explains the reason why
Fð1Þ for the profile W ¼ 0 is the minimum near free stream,
F0ð1Þ for the profile W ¼ 0 is the minimum within the fluid
domain and F00ð1Þ for the profileW ¼ 0 is the minimum within
fluid layers few distance away from uhspr. Since it is a well-
known fact that all the unknown functions in the governing
equation are discontinuous when b ¼ 0. In view of this, non-
Newtonian Casson parameter within the interval of
0:1 6 b  1:2 is considered. As shown in Figs. 3b and 4b, ver-
tical and horizontal velocities profile decrease significantly
with an increase in the magnitude of b. Although, a negligible
effect is observed near uhspr. Thereafter, a significant decrease
in F0ð1Þ with b can be easily deduced. Mathematically, at a
fixed value of a numerator, the outcome of a fraction depends
on the magnitude of its denominator. Since the corresponding
denominator in the case of Williamson fluid flow is large,
effects of W on Gð1Þ and Hð1Þ are negligible. However, this
is not true in the case of Casson flow. As illustrated in Figs. 6
and 7, Gð1Þ decreases with an increase in b whileHð1Þ increases
with an increase in b. The relationship between buoyancy
parameter Gtw depending on volumetric expansion coefficient
of Williamson fluid and Weissenberg number W is illustrated
Table 2 Values of Re1=2x Cfxc ¼ 1þ 1b
 
F00ð0Þ, Re1=2x Cfxw ¼ F00ð0Þ þWF00ð0ÞF00ð0Þ and NuxRe1=2x ¼ H0ð0Þ for different physical
parameters whenW ¼ 0:7, R ¼ 1:2, thetaw ¼ 1:2, Sca ¼ 0:62, Scb ¼ 1:3, b ¼ 0:2; c ¼ 0:5, n ¼ 1:2; d ¼ 1:2, Pr ¼ 1;Gtc ¼ 1, Gtw ¼ 1 and 1
at infinity is 5.
v K K m Re1=2x Cfxw NuxRe
1=2
x
q = 0
0.1 0.2 0.2 0.1 0.060019863552664 0.528595052204945
0.2 0.103534298993617 0.548361533625297
0.3 0.151021728232572 0.568781965162034
0.1 0.3 0.2 0.1 0.060019863552573 0.528595052204985
0.4 0.060019863552531 0.528595052205006
0.5 0.060019863552486 0.528595052205026
0.1 0.2 0.3 0.1 0.060019863552664 0.528595052204945
0.4 0.060019863552664 0.528595052204945
0.5 0.060019863551206 0.528595052204359
0.1 0.2 0.3 0.2 0.129808069611191 0.486708916897166
0.3 0.187269886079085 0.451108219217802
0.4 0.235524258355395 0.420378845852574
q = 1
0.1 0.2 0.2 0.1 0.202683673974212 0.566043252528321
0.2 0.212521840012757 0.593990602336873
0.3 0.222452319947076 0.622857749672140
0.1 0.3 0.2 0.1 0.202683673973681 0.566043252526711
0.4 0.202683673992380 0.566043252474098
0.5 0.202683673992027 0.566043252473153
0.1 0.2 0.3 0.1 0.202683673973243 0.566043252525396
0.4 0.202683673974222 0.566043252504623
0.5 0.202683673976090 0.566043252512384
0.1 0.2 0.3 0.2 0.222141124380950 0.527517084593251
0.3 0.237793794139904 0.493992781991000
0.4 0.250654042689331 0.464473170365527
1926 O.A. Abegunrin et al.in Fig. 8. It is seen that local skin friction coefficient Re1=2x Cfxw
decreases with W when magnitude of Gtw is small. Meanwhile,
an increase in Re1=2x Cfxw with W is evident when magnitude of
Gtw is large. Similar variation but a significant effect is
observed in skin friction between the immediate layers of Cas-
son fluid next to the wall (uhspr). As illustrated in Fig. 9, local
skin friction coefficient Re1=2x Cfxc decreases significantly with b
when magnitude of Gtc is small and large.
4.2. Comparison between the effects of nonlinear radiation
parameter R on Williamson fluid flow and Casson fluid flow over
uhspr.
When Pr ¼ 1; c ¼ 0:5; n ¼ 1:2 and temperature parameter
hw ¼ 1:2, effect of nonlinear radiation parameter R on the flow
of both non-Newtonian fluid under consideration is investi-
gated and illustrated graphically; see Figs. 10–17. As shown
in Figs. 10a and 10b, it is noticed that effect of increasing radi-
ation parameter differs on the vertical velocity profiles of Wil-
liamson and Casson fluid flow over an uhspr. However, it is
noticed that vertical velocity profile when R ¼ 0:5 in the flow
of Casson is greater than that of Williamson fluid flow. The
same effect on horizontal velocity is observed as shown in
Figs. 11a and 11b. Similar trends of shear stress profiles
F00ð1Þ at various values of R when q ¼ 0 and q ¼ 1 can be
noticed in Figs. 12a and 12b. This comparison reveals that
as nonlinear thermal radiation number varies within the range
of 0:5 6 R  2:5, maximum local skin friction coefficientoccurs in Williamson fluid flow when R ¼ 0:5. The effects of
nonlinear radiation parameter R on the temperature profiles
Hð1Þ when c ¼ 0:5; hw ¼ 1:2 and n ¼ 1:2 is illustrated in
Figs. 13a and 13b. It is noticed that an increase in the radiation
parameter results in the decrease of the temperature within the
boundary layer. Meanwhile, the temperature functions Hð1Þ
decreases significantly within the fluid domain with the increas-
ing value of the radiation parameter R. In addition, all profiles
tend free stream condition asymptotically. Practically speak-
ing, the effect of radiation parameter R is to reduce the temper-
ature significantly in the flow region. Thermal radiation is
found to be energy transfer by the emission of electromagnetic
waves which carry energy away as the fluid flows. This explains
the decrease in temperature function Hð1Þ as the magnitude of
the parameter R increases. In a related study of boundary layer
analysis of viscoelastic fluid flow in the presence of induced
magnetic field and nonlinear thermal radiation, figure sixteen
in Ref. [49] shows that the decrease in temperature profile with
radiation parameter R decreases at all point on the domain
1 2 ½0; 5. To a reasonable extent, our result on the effect of
nonlinear thermal radiation flow past uhspr is in good agree-
ment with that of viscoelastic fluid flow toward a stagnation
point on the surface with uniform thickness. This implies that
effect of thermal radiation on the flow over uniform thickness
matches that of flow over an upper horizontal surface of a
paraboloid of revolution. As shown in Figs. 14a and 14b, an
increase in the magnitude of R leads to a decrease in tempera-
ture gradient near the surface 0 6 1  0:9 and an increase
thereafter till free stream. This comparison reveals that Nusselt
Comparison between the flow of two non-Newtonian fluids 1927number which is proportional to local heat transfer rate
(NuxRe
1=2
x ¼ H0ð0Þ) increases with R in the flow of both
non-Newtonian fluids. Although, the maximum heat transfer
rate is found in the flow of Casson fluid as 0:87 when
R ¼ 2:5. In addition, an effect of increasing R is significant
in the concentration of reactant A (homogeneous-bulk fluid
of Williamson flow) when compared with that of the concen-
tration of reactant A (homogeneous-bulk fluid of Casson fluid)
as illustrated in Figs. 15a and 15b. The same pattern of effects
is observed in the concentration gradient of reactant A and
Concentration of reactant B (heterogeneous - catalyst at the
surface) in both non-Newtonian fluids. Although, a significant
effect is noticed in the flow of Williamson fluid while a negligi-
ble effect is noticed in the flow of Casson fluid.
Variations in physical quantities Re1=2x Cfxc;Re
1=2
x Cfxw and
NuxRe
1=2
x at various values of v;K;K and m are illustrated
in Table 2. It is observed that strength of the heterogeneous
reaction K and strength of the homogeneous reaction K have
negligible effect on Re1=2x Cfxc and Re
1=2
x Cfxw. This can be traced
to the fact that these parameters only quantify the strength of
homogeneous and heterogeneous of either Williamson or Cas-
son fluid flow. However, significant effects are observed in the
variation of parameter v and m. It is noticed that variation in
the magnitude of v and m results in a decrease in Re1=2x Cfxw of
Williamson and Re1=2x Cfxc of Casson fluids while an increase in
the magnitude of v and m results in an increase of NuxRe
1=2
x ;
see Table 2 for more details.
5. Conclusion
A comprehensive comparison between boundary layer flow of
two non-Newtonian fluids (i.e. Casson and Williamson) over
an upper horizontal surface of a paraboloid of revolution
(uhspr) in the presence of nonlinear thermal radiation has been
investigated. The special case when buoyancy and stretching at
the wall induce the flow in the presence of nonlinear thermal
radiation has been deliberated. In the presence of quartic auto-
catalysis kind of homogeneous-heterogeneous chemical reac-
tion, the following can be concluded:
 Due to the existence of extra stress tensor in Williamson
fluid which can be described as divisor of convective accel-
eration and buoyancy term, increase in Weissenberg num-
ber W has little effect on vertical velocity, horizontal
velocity, temperature profiles, concentration of reactant A
(homogeneous-bulk fluid) and concentration of reactant B
(heterogeneous - catalyst at the surface). The opposite is
the effect of non-Newtonian Casson parameter on the flow
of Casson fluid flow past uhspr.
 Reduction in the concentration of reactant A
(homogeneous-bulk fluid of Williamson flow) is more sig-
nificant than that of the concentration of reactant A
(homogeneous-bulk fluid of Casson flow).
 Maximum vertical velocity in the flow of Casson fluid and
minimum vertical velocity in the flow of Williamson fluid
near free stream are ascertained when the magnitude of
nonlinear thermal radiation is small.
 Strength of the heterogeneous reaction K and strength of
the homogeneous reaction K have a negligible effect on skinfriction between the flow of both non-Newtonian fluids and
an upper surface of a horizontal paraboloid of revolution.
 At minimum magnitude of buoyancy parameters (Gtw ¼ 0:5
and Gtc ¼ 0:5), decrease in Re1=2x Cfxc with non-Newtonian
Casson parameter b is more significant than that of
Re1=2x Cfxw with Weissenberg number W.
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